
VII.3 Homotopy invariance of homology

Goal. f ' g : X → Y ⇒ f∗ = g∗ : Hp(X)→ Hp(Y ).

������� 1 (Chain homotopy) Let f, g : C → C ′ be chain maps i.e.,
f = {fp : Cp → C ′

p | fp−1∂p = ∂p
′fp}, g = {gp : Cp → C ′

p | gp−1∂p = ∂p
′gp}.

A Chain homotopy D between f and g (D : f ' g) is a collection of
homomorphisms {Dp : Cp → Cp+1

′} such that ∂p+1
′Dp + Dp−1∂p = fp − gp.

(simply denote by ∂D +D∂ = f − g)

������
	 1 If f ' g : C → C ′, then f∗ = g∗ : Hp(C)→ Hp(C
′).�������� z ∈ Zp(C)⇒ ∂Dz = f(z)− g(z)⇒ f(z) ∼ g(z)⇒ f∗[z] = g∗[z]

Special case : C = C ′, f = id, g = 0
Then a chain homotopy D between id and 0 is called a chain contraction and
if C has a chain contraction, then C is said to be chain contractible. In this
case, ∂D +D∂ = 1.

������
	 2 If C is a free chain complex, i.e., each Cp is a free abelian group,
then C is acyclic ⇔ C is chain contractible.�������� ⇐) by theorem 1, id∗ = 0⇒ Hp(C) = 0 ∀p
⇒) Define Dp inductively.

· · · // C2

id
²²

// C1

id
²²

//

∃D1~~

C0

id
²²

//

∃D0~~

0

0
ÄÄ

: free

· · · // C2
// C1

// C0
// 0 : acyclic

���������������! " #%$&('%) 0 ���*��� C0 +, -�.�/0 1 zero homomorphism 23 465�78:9;=< .?>@ ABDCE$F 5HGIKJL
+, D M3 4N5�78O9;QPSRTVU . .
Cp
-�. free '%)XWL +, , D -�.ZY[ \^]�_?`bac 23 4 d, '%)feS)hgikj _ ��� /0 1 Cp

9; generator ���mlon j _qprs�tu 23 4wv%xy{z| } < .E~H�u ��� Cp+1 +, -�.*/0 1 `bac��� -�.�Y[ \�]�_
`bac 23 4�d, '%) ~H�u��� � U . . z� } , �%�� generator
g ����lon < .E��� ∂D(g) = g −D∂(g) M3 4�v%xy^z| } < .*/0 1 Cp+1

9; ����V�� D(g) M3 4 lon������� )���) ~H�u
�� � U . . (Induction 9; -�. 5�78 ���*���� ��¡ �u 9; D /0 1 '%)£¢b) 5�78O9; �� �¥¤§¦¨ '%) >@ ©ª ¡ �u 9; D M3 4«5�78
9;k< .S���*¬� PSRT�U . .)gi diagram ���*��� ¬�.�® _ 9; sequence -�. exact '%)XWL +, , ∂(g−D∂(g)) = 0 '%) ~H�u ∂(h) =
g −D∂(g) ¯�°u h ∈ Cp+1

'%) Y[ \�]�_ < .±>@ D(g) = h +, 5�78O9;QPSRTVU . .² .�³%. ��� , ∂(1−D∂) = 0 ´�µ¶ 23 4¸·¹ º ¯�°u < .E~H�u»�� � U . . ��½¼¿¾uÁÀÃÂ ,
∂(1−D∂) = ∂ − ∂D∂ = ∂ − (1−D∂)∂ = ∂ − ∂ +D∂2 = 0
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'%)bWL +, z����Ä�Å8 '%)ÇÆÈ ÉËÊ �Ì U . .
Note. Comparison theorem in homological algebra
(1) Existence of chain map lifting a given k : Z → Z.

C · · · // C2

∃k2

²²

∂ // C1

∃k1

²²

∂ // C0

∃k0

²²

∂ // Z

k

²²

∂ // 0 : free

C ′ · · · // C2
′ ∂ // C1

′ ∂ // C0
′ ∂ // Z

∂ // 0 : acyclic

∂kp+1 = kp∂ ¯�°u kp ÍÎ Ï '%) Y[ \�]�_
`bac 23 4 d, '%)�Ð¿Ñ ~H�u 5�78ÓÒ ) 2 ���*���Ô " Õ .EÖ%×Ø -�.fÙ ) +, ∂kp∂ =
0 ´�µ¶ 23 4Ú·¹ º ¯�°u < .�~H�u«�� � U . . ∂kp∂ = kp−1∂

2 = 0 '%)XWL +, ABDCE$F 5HGIKJL +, kp M3 4�5�78O9;Ûj _ÝÜ .#%$Þ �� ´�µß U . .
(2) Existence of chain homotopy between two liftings.

C · · · // C2

k2,k2
′

²²

// C1

k1,k1
′

²²

//

∃D1
~~

C0

k0,k0
′

²²

//

∃D0
~~

Z //

0
ÄÄ

k

²²

0 : free

C ′ · · · // C2
// C1

// C0
// Z // 0 : acyclic

~ ¾uáàãâ D : Z → C0 M3 4 D = 0 JL +, äå >@ , ∂D = kp − kp
′ −D∂ -�.Væçéèrwêë } D M3 4 ABCE$F 5HGIKJL +, 5�78O9;Ûj _ìÜ .%í xy U . . ² .�³%. ���mî $ï ���Ô " Õ .EÖ%×Ø -�.�Ù ) +, ∂(kp − kp

′ −D∂) = 0 ´�µ¶
23 4ð·¹ º ¯�°u < .E~H�u»�� � U . .��½¼¿¾uÁÀÃÂ , ∂(kp − kp

′ − D∂) = ∂kp − ∂kp
′ − ∂D∂ = kp∂ − kp

′∂ − ∂D∂ = (kp −
kp

′ − ∂D)∂ = D∂∂ = 0 '%)bWL +, z����Ä�Å8 '%)ÇÆÈ ÉñÊ �Ì U . .
òóDôõ ������
	 3 X is a star shaped subset of Rn ⇒ H̃(X) = 0.
�������� We may assume X is star shaped from the origin. Construct a chain
contraction D:

· · · // S2

id

²²

∂ // S1

id

²²

∂ //

D1
~~

S0

id

²²

ε //

D0
~~

Z //

D−1
ÄÄ

id

²²

0

· · · // S2
// S1

// S0
// Z // 0

Define D−1(1) =constant map to the origin.
Given σ : 4p → X, define D(σ) ∈ Sp+1(X) by D(σ)(se0 + (1 − s)t) = (1 −
s)”σ”(t), where s ∈ I and t ∈ 〈e1, · · · , ep+1〉. ( U . � )�ö $Þ j _ D(σ)(e0) = 0 and
D(σ) ◦ f 0

p+1 = σ.
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p = 0 9; ¤ø÷8  � ��� /0 1 D(σ)(0) = σ, D(σ)(1) = 0 '%)XWL +, , ∂D(σ) = σ − D−1(1) =
σ −D−1ε(σ) '%) U . . ² .E³%. ��� , ∂D +Dε = 1 '%)áùûú8ýü%þÿ PSRTVU . .
p > 0 9; ¤ø÷8  � ��� /0 1 D(σ)(0) = σ '%) >@ , D(σ)(i+1) = D(σ(i)) -�. ùûú8 ü%þÿ PSRT�U . .
(∵ D(σ)(i+1)(e1, · · · , ep) = Dσ(e1, · · · , êi+1, · · · , ep+1)

D(σ(i))(e1, · · · , ep) = σ(i)(e0, · · · , ep−1)
= σ(e0, · · · , êi, · · · , ep) = Dσ(e1, · · · , êi+1, · · · , ep+1))² .�³%. ���

∂Dσ =

p∑

i=0

(−1)i+1(Dσ)(i+1)+D(σ)(0) =

p∑

i=0

(−1)i+1D(σ(i))+σ = −D(∂σ)+σ

'%)bWL +, , ∂D +D∂ = 1 '%) ùûú8 ü%þÿ PSRT�U . .
òóDôõ ������
	 4 Let i0 : X → X × I

x 7→ (x, 0)
and i1 : X → X × I

x 7→ (x, 1)
.

Then for any space X, ∀p,∃DX : Sp(X)→ Sp+1(X × I) such that
(1) ∂D +D∂ = i1] − i0]
(2) DX is natural, i.e., ∀f : X → Y ,

Sp(X)

f]
²²

DX // Sp+1(X × I)

(f×id)]
²²

Sp(Y )
DY // Sp+1(Y × I)

commutes.

v%xy ���� '%) d, pr 5�78ÓÒ ) M3 4 z����Ä�Å8 < .����ß U .E~H�u U . �� � 5�78 Ò ) -�. ùûú8ýü%þÿ PSRTVU . .
������
	 5 f ' g : X → Y ⇒ f∗ = g∗ : H∗(X)→ H∗(Y )�������� There exist F : X × I → Y such that f = F ◦ i0 and g = F ◦ i1.
By the above lemma, there exists D : i0] ' i1]. Hence, i0∗ = i1∗ : H(X) →
H(X × I). Therefore f∗ = (F ◦ i0)∗ = F∗ ◦ i0∗ = F∗ ◦ i1∗ = (F ◦ i1)∗ = g∗.

	�
�� � ������
	 6 X ' Y ⇒ H∗(X) ∼= H∗(Y )

² .�³%. ��� d, pr 5�78ÓÒ ) v%xy z����Ä�Å8 < .E~H�u»�� � U . .
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òóDôõ ������
	��� ��� ���� (Induction on p)
idea. ~ ¾u àãâ D M3 4 ”model space” 4p ���qlon j _ ��� 5�78:9;=< .?>@ , D 9; naturality M3 4 '%)
�� � < .S��� ´�µ¶ 9; 9; X ��� lon < .S��� DX M3 4N5�78O9;QPSRTVU . .
~ ¾uáàãâ p = 0 ¯�°u ¤ø÷8  � D : S0(4

0) → S1(4
0 × I) M3 4 5�78O9;k< .��b. . 40 �� \ PSRT point '%)WL +, , S0(4

0) /0 1 constant map σ +, generate æç /0 1 free abelian group '%) U . . ��� eS)��� , Dσ M3 4 obvious
PSRT 1-chain JL +, 5�78:9; PSRT�U . . z� } , Dσ : 41 →40 × I ���*��� 41  "

40×I /0 1 �� \����� 5HGIKJL +, #%$& �� \ space '%)XWL +, Dσ /0 1 identity map JL +, 5�78:9; PSRT�U . . '%)���
, ∂Dσ = i1 ◦ σ − i0 ◦ σ = i1](σ)− i0](σ) '%) �� � U . .

p = 0 ¯�°u ¤ø÷8  � ��� /0 1 #%$& �� \��! "$#&%ÿ JL +, ´�µ¶ 9; 9; space X ���Ûlon < .E��� DX : S0(X) →
S1(X × I) M3 4 ' . +, 5�78O9;)(+*, �� ´�µß /0 1 ÀÃÂ , σ = x(constant map), x ∈ X ���klon < .��� Dσ M3 4 41 ������� {x} × I +, -�.*/0 1 ”identity map” JL +, 5�78O9;=< .�~H�u gi 9; pr s�tu
(1),(2) M3 4Nv%xy^z| } `bac 23 4.-/103254 ·¹ º ¯�°u (+*, �� ´�µß U . .
p > 0 ¯�°u ¤ø÷8  � , p− 1 6 .fÙ ) (1),(2) M3 4Nv%xy^z| } < .*/0 1 DX

-�.{Y[ \�]�_ PSRTVU .?>@ -�. 5�78 < .��b. .
i = id : 4p → 4p ���klon < .E��� ∂Di + D∂i = i1](i) − i2](i) M3 4 v%xy{z| } < .�/0 1 Di ∈
Sp+1(4

p × I) M3 4ð5�78:9;=< .��b. .
c = i1](i)−i0](i)−D∂i ∈ Sp(4

p×I) +, 7� >@ , c = ∂Di -�. æçéèr¥êë } Di M3 4 5�78O9;Ûj _ ¬�PSRT�U . . 4p× I -�. star shaped '%)XWL +, î $ï 9; d, pr 5�78 Ò ) ��� 9;k< .S��� H̃(4p× I) = 0 '%)æç ��8 Sp(4
p × I) 9; augmented chain '%) acyclic '%) U . . ² .�³%. ��� , 5�78 Ò ) 2 9; z����Ä�Å8 ���

���Ô " #%$&ñ'%) ∂c = 0 v%xy ·¹ º ¯�°u < .�~H�uw�� � U . .��½¼¿¾uÁÀÃÂ , induction 9; -�. 5�78 23 4 '%) �� � < .�~H�u
∂c = i1](∂i)− i0](∂i)− (i1](∂i)− i0](∂i)−D∂(∂i)) = 0

'%)bWL +, , Di -�.:9 $Þ 5�78O9; �� � U . .
'%)<;>= Di M3 4 '%) �� � < .E��� ´�µ¶ 9; 9; space X ���hlon < .E��� DX : Sp(X)→ Sp+1(X × I) M3 45�78:9;=< .��b. .
´�µ¶ 9; 9; σ ∈ Sp(X) /0 1 σ : 4p → X ¯�°u map '%)XWL +, , σ]

�� \ σ] : Sp(4
p)→ Sp(X)
i 7→ σ¯�°u map '%) U . . ² .�³%. ��� , DXσ = (σ × id)]Di +, 5�78O9;QPSRTVU . .

Sp(X) /0 1 σ ÍÎ Ï +, generate æç /0 1 free abelian group '%)XWL +, , DX
/0 1 well-defined '%)>@ , '%)<;>= pr s�tu (1),(2) v%xy ·¹ º ¯�°u < .E~H�u z��� Ä�Å8 '%) ÆÈ É�? xy U . .
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Check (1):

Sp+1(4
p) ∂ //

σ]

yyssssss
i0] i1]

²²

Sp(4
p) ∂ //

{{ww
ww

ww

²²

D

¥¥

Sp−1(4
p)

yyssssss

²²

D

¦¦

Sp+1(X) //

i0],i1]

²²

Sp(X) //

²²

DX

¤¤

Sp−1(X)

²²

DX

¥¥

Sp+1(4
p × I) //

(σ×id)]yyssssss

Sp(4
p × I) //

{{ww
ww

ww

Sp−1(4
p × I)

yyssssss

Sp+1(X × I) // Sp(X × I) // Sp−1(X × I)

gi , ¬�.E® _ , î $ï , @A 9;CB . �%��ED�FG ÍÎ Ï �� \ ∂  " ] '%) commute
PSRT�U .*/0 1 B .IHKJL +,NMåPO â commute

< .
>@ , -�.$QR \ ÀÃÂ ( S = +, +, d, '%) /0 1 ) B . �%��TD�FG �� \ space ÍÎ Ï í xy 9; map '%) commute

< . WL +,
functorial property +,NMåUO â commute

PSRTVU . . (i0], i1] 9; naturality.) VrNW� \�X| } 9; Y )ZL\[] ^ PSRT B . �%��TD�FG �� \ induction 9; -�. 5�78 JL +,NMåPO â commute
PSRTVU . . (D 9; naturality.)² .�³%. ��� ,

∂DXσ = ∂(σ × id)]Di = (σ × id)]∂Di = (σ × id)](i1](i)− i0](i)−D∂)

'%) ��� , i1] 9; naturality +,_MåUO â (i0] 9; ¤ø÷8  � èr Õ .�Ö%×Ø -�.�Ù ) )
(σ × id)]i1](i) = i1]σ](i) = i1](σ)

`r PSRT , D 9; naturality +,_MåUO â
(σ × id)]D(∂i) = DXσ](∂i) = DX∂σ](i) = DX∂σ

² .�³%. ��� , ∂DX = i1] − i0] −DX∂ ´�µ¶ 23 4¸·¹ º ¯�°u (+*, �� ´�µß U . .
Check (2):
´�µ¶ 9; 9; map f : X → Y ��� lon < .E��� U . �� � diagram 23 4badce �%�� j _ d,f�b. .

Sp(X)
DX //

f]

²²

Sp+1(X × I)

(f×id)]

²²

Sp(4
p) D //

σ]
;;xxxxxx

(f◦σ)] ##FF
FF

FF
Sp+1(4

p × I)

(σ×id)]
77nnnnnnnn

(f◦σ×id)] ''PPPPPPPP

Sp(Y ) // Sp+1(Y × I)

�hgi X| } 9; j �k �%��TD�FG �� \ functorial property ��� 9;k< .S��� commute
< .±>@ , i ∈ Sp(4

p) ���lon j _ DX
9; 5�78O9; ��� 9;k< .S��� gi 9; B . �%��TD�FG '%) , DY

9; 5�78O9; ��� 9;k< .S���(¬�.E® _ 9; B . �%��
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D�FG '%) commute PSRT�U . . ² .E³%. ��� , @A X| } B . �%��TD�FG '%) commute
PSRT�U .*/0 1 ¤§¦¨ 23 4ð·¹ º ¯�°u (+*, ��

´�µß U . .
Review of the proof of 2.
Need
(i) {S(4p×I), ∂, ε} is acyclic.(to defineD for model space,4p and i ∈ Sp(4

p))
(ii) {σ]i|σ : 4p → X} form a basis for Sp(X).(to define DX for ∀X)
(iii) i0] and i1] are natural. (to check (1))
⇒with functorial properties,
∃chain homotopy D : i0 ' i1 s.t. naturality of D holds.

Note.
T = the category of topological spaces.
S= the category of chain complexes.(with augmentation)
S : T −→ S is a functor.

X 7→ S(X)
S ′ : T −→ S is a functor.

X 7→ S(X × I)
i0] and i1] are natural transformations : S → S ′, i.e.,

S : S(X)
f]
−→ S(Y )

i0] ↓ ↓ iX0] y ↓ iY0]

S ′ : S(X × I)
(f×id)]
−→ S(Y × I)

������� 2 T = the category of chain complexes , S= the category of (augmented)
chain complexes and chain maps. LetM⊂ Ob(T ) (called models).
Let S : T → S be a functor from T to S.
(1) S is acyclic relative toM if S(M) is acyclic ∀M ∈M.
(2) S is free relative toM if ∀p ≥ 0,∃Jp and ∃ an indexed family of {Mα}α∈Jp ,Mα ∈
M and ∃ an indexed family of {iα}α∈Jp , iα ∈ Sp(Mα) s.t. {S(σ)iα|α ∈ Jp, σ ∈
hom(Mα, X)} is a basis for Sp(X).

������
	 7 Acyclic Model Theorem

Let S, S ′ : T → S be functors and M⊂ Ob(T ).
S : free relative to M and S ′ : acyclic relative to M.
⇒(a) ∃ a natural transformation : τ : S → S ′ as a lifting of a given τ0 : S0 →
S ′

0.(or k : Z → Z for augmented case)
(b) Given two such natural transformations τ0, τ1 : S → S ′,∃ a natural chain
homotopy D : τ0 ' τ1.

6



�������� (a) Use induction.
1st, define τp for iα ∈ Sp(Mα):

· · · // Sp(Mα)

τp

²²

∂ // Sp−1(Mα)

τp−1

²²

∂ // · · ·

· · · // S ′
p(Mα)

∂ // S ′
p−1(Mα)

∂ // · · ·

S ′ '%) acyclic '%)XWL +, τp -�.�Y[ \^]�_?`bac 23 4 d, '%)£Ð¿Ñ ~H�u ∂τp−1∂=0 ´�µ¶ 23 4 d, '%) ~H�u �� � U . . ��½¼¿¾uÀÃÂ induction -�. 5�78 ��� 9;Ûj _ ∂τp−1∂ = τp−2∂∂ = 0.

2nd on X : Use Naturality.

iα ∈ Sp(Mα)

Sp(σ)vvmmmmmmmm

∂ //

²²

Sp−1(Mα)

yyssssss

τp−1

²²

S(σ)iα ∈ Sp(X) //

τp

²²

Sp−1(X)

²²

S ′
p(Mα)

vvmmmmmmmmmm

// S ′
p−1(Mα)

yyssssss

S ′
p(X) // S ′

p−1(X)

S(σ)iα ÍÎ Ï '%) Sp(X) 9; basis M3 4 '%)�lå WL +,
Define τp for S(σ)iα : gi diagram box ������� iα ���Ûlon j _ ��� /0 1 '%)ã¢b) τp -�. 5�78O9; æç��8 ´�µß JL WL +, mn � X| } ~H�u '%) commute

< . èrwêë } τp M3 4 5�78:9;=< .�~H�u î $ï ~H�u 23 4 ;>=  o=< .±>@ prq0 1 ~H�u '%) commute < . WL +, î $ï ~H�u èr commute.
∴ τp is a chain map, ∀X.
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τp is natural: f : X → Y r �� ��� ,
Sp(Mα)

Sp(σ){{ww
ww

ww

τ

²²

Sp(f◦σ)

##GG
GG

GG

Sp(X)
Sp(f)

//

τX

²²

Sp(Y )

τY

²²

S ′
p(Mα)

{{xx
xx

xx

""FF
FF

FF

S ′
p(X) // S ′

p(Y )

'%) S = +, eS)+stvu ���*��� iα ���mlon j _ gi ������� τp 9; 5�78:9;  " Sp
9; functorial property ���9;Ûj _ î $ï ~H�u v%xyxw�y >@ U . commute.

∴ S(σ)iα ��� lon j _ î $ï ~H�u èr commute.

(b) exactly same as before. ( z{ |E}�~ 22.)

������� 3 A chain map τ : C → C ′ is a chain homotopy equivalence if ∃ a chain
map τ ′ : C ′ → C s.t. ττ ′ ' idC′ and τ ′τ ' idC.

Note. τ : C → C ′ : chain homopoty equivalence. ⇒ τ∗ : H∗(C) ∼= H∗(C
′).

	�
�� � ������
	 8 S, S ′ : T → S, T with models M and S, S ′: both free and acyclic
relative to M. ⇒ ∃ a natural chain map τ : S → S ′ and any natural chain
map is a natural chain homotopy equivalence.
�������� AMT. (a) ⇒ natural chain map τ exists and also ∃τ ′ : S ′ → S. Now
ττ ′ : S ′ → S ′

AMT (b) ⇒ ττ ′ ' idS′ , similarly τ ′τ ' idS

An application. (Equivalence of homologies)
If K is a simplicial complex, then we have
C(K)Ã H(K) = simplicial homology
4(K)Ã H4(K) = ordered simplicial homology
S(|K|)Ã H(|K|)= singular homology for |K|

òóDôõ ������
	 9 K: a simplicial complex, w: a vertex (as a simplicial complex)
not in K.⇒ {C(w ∗K), ∂, ε} and {4(w ∗K), ∂, ε} are acyclic.
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�������� Construct a chain contraction:

· · · // 41

D1
~~||

||
||

||

id
²²

// 40

D0}}||
||

||
||

id
²²

ε // Z

D−1ÄÄ~~
~~

~~
~~

id

²²
· · · // 41

// 40
// Z

Let D−1(1) := w.Then ε(w) = 1 '%)XWL +, OK.

Define D(v0, · · · , vp) = (w, v0, · · · , vp) : join operator.
Then (∂D +D∂)(v0, · · · , vp)

= ∂(w, v0, · · · , vp) +D(Σ(−1)i(v0, · · · , v̂i, · · · , vp))
= Σ(−1)j+1(w, · · · , v̂j, · · · , vp)+(v0, · · · , vp)+Σ(−1)

i(w, · · · , v̂i, · · · , vp)
= (v0, · · · , vp).

Similarly for {C(w ∗K), ∂, ε}.

	�
�� � ������
	 10 (1) ∀σ ∈ K, H̃(σ) = H̃4(σ) = 0
(i.e. {C, ∂, ε} and {4, ∂, ε} are acyclic w.r.t. σ.)
(2) The chain map µ : 4(K)→ C(K) is a natural homotopy equivalence.

(v0, · · · , vp) 7→ [v0, · · · , vp]�������� (1) d, pr 5�78ÓÒ ) 9 +,NMåUO â clear.
(2) 4, C : C(K) → S are free and acyclic functors relative to models M =
{σ|σ ∈ K}, where C(K) is a category of subcomplexes of K with inclusion as
morphism. Since µ : 4 → C is a natural chain map, it it a chain homotopy
equivalence by the previous cor.(
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